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We prove the existence of positive harmonic functions and Green’s functions on 
certain Abelian covers of non-compact, finite volume Riemann surfaces. These 
results are obtained by studying the asymptotic distribution of the lattice in hyper- 
bolic space generated by the fundamental group of the covering surface. c 1989 
Academic Press, Inc. 
1. INTRODUCTION 
In a recent paper of Lyons and Sullivan, the theory of harmonic 
functions on Riemann surfaces which arise as infinite, Abelian covers of 
compact Riemann surfaces was studied via the theory of Brownian motion. 
They showed that such a manifold never has a non-constant, positive 
harmonic function but does possess a Green’s function if the rank of the 
covering group is three or more. They state that under weaker hypotheses, 
that include Abelian covers of finite volume Riemann surfaces, there are no 
non-constant bounded harmonic functions. 
In this note we will extend these results to abelian covers of non-com- 
pact, finite area surfaces. In this case the results are somewhat different as 
the parabolic elements behave quite differently under covers than do classes 
arising from closed geodesics. Using Brownian motion, Lyons and 
McKean and McKean and Sullivan have treated the thrice and four times 
punctured spheres, see [S, S]. They showed that on the Abelian cover of 
the thrice punctured sphere arising from the commutator subgroup there 
is a Green’s function but no positive harmonic function, whereas the 
analogous cover of the four times punctured sphere has both a Green’s 
function and positive harmonic functions. Theorem 2 was proved in 
somewhat greater generality by M. Rees. Her argument uses symbolic 
dynamics and ergodic theory; it does not require that the base manifold 
have finite volume, see [ 121. Finally, N. Varopoulos has studied, via 
probability theory, the divergence of the Poincare series at the critical 
exponent. His most recent paper [ 143, contains an extensive bibliography. 
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Instead of Brownian motion we will use estimates for the asymptotic dis- 
tribution of the lattice in hyperbolic space generated by the fundamental 
group of such a surface. These estimates are obtained from results on 
the spectral theory of the Laplace Beltrami operator proved in [2], by 
applying the Lax-Phillips wave equation method, see [6]. The necessary 
modifications of their method were carried out in [ 11. These results easily 
extend to higher dimensional hyperbolic manifolds. 
We will represent Riemann surfaces as quotients of the upper half plane, 
H2 by discrete subgroups, f of PSl(2, R). We will assume that I- has no 
finite order elements. If 2 is a Riemann surface of genus g with n + 1 > 0 
punctures, then r has a presentation in terms of generators 
{?I, .“> 1)28; PI, ‘..1 p,+ 1) subject to the single relation 
$, Cr2,- 1 3 y2J . “ii’ P, = id. 
i= 1 
(1.1) 
The y,‘s are hyperbolic elements, whereas the pi’s are parabolic elements. 
Recall that f contains (n + 1 )-conjugacy classes of parabolic subgroups. 
Each such subgroup is conjugate in ,942, R) to the group 
Q{(b ;):n,z). 
The first homology group of C is isomorphic to Z” x Z2”. Each homology 
class can be uniquely represented as 
,c, py’ ,o, y;l := [M, N] E Z” x Zzz. (1.2) 
Note that in this representation the homology class of the parabolic 
element pn + 1 is [( - 1, . . . . - 1); 01. 
The unitary representations, or characters of H,(Z; Z) are parametrized 
by a (n + 2g)-dimensional torus, T. Let (5,) . . . . 5,; y~r, . . . . nZg) be linear 
coordinates for T which we define by 
(a) xcc(,&,) = eznivJl, 
(b) x~~.~,(P.~) = e2rrisfj 
j = 1, . ..) 2g; 
(1.3) 
j = 1, . ..) n. 
By virtue of (1.1) we must have 
X(S,lI,(Pn+ ,)=e -2ni(51+ .. +:“I, 
If f, is a normal subgroup of r with T/T, an abelian group without 
elements of finite order, then the group of deck transformations of HZ/T,, 
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Deck(f; Z-,) can be identified with a subgroup of H,(Z; Z). Suppose that 
the rank of Deck(T; f ,) is k, then we can find generators of the form 
{(fi,;s,), . . . . (R,; m,)>. We define the p-rank of I-,, @ to be the real 
rank of the n x k matrix: (fir, . . . . A,). Using Gaussian elimination it is 
easy to show that we can replace the above basis with another integer 
spanning set {(M, ; N,), . . . . (Mk; N,)} such that 
(1) R-Span{tir, . . . . &?I,} = R-Span{M,, . . . . MKJ}, 
(2) M,+,= ... =Mt=O, and 
(3) real Span{(fi,;N,) ,..., #l,;m,)}=real Span {(M,;N,) ,..., 
(M/c; N/J). 
To study the spectral theory of A on H*/r, via the Floquet method, see 
[ 11, we need to determine the unitary representations of Deck( P, rl ). Let 
fl= (B’, . . . . 8”); for ge Deck(T, r,) we define 
&d’%) = X(@M,, @N,)(g); (1.4) 
we use the summation convention on the right hand side. 
Since the vectors {(M,, N,); i= 1, . . . . k} are a rational basis for 
Deck(T; r,) we easily see that the different representations of Deck(f; f r) 
are parametrized by the variable p modulo some lattice in Rk. We will call 
this torus T, . The formula (1.4), essentially expresses T, as a subgroup 
of T. 
The group I-, is defined in terms of T, by 
f, = n ker ,&. 
BCTl 
(1.5) 
To apply our construction of positive harmonic functions directly, it is 
necessary that rr contains at least one conjugacy class of parabolic sub- 
groups. A little thought and formula (1.5) show that this is simply a 
question of whether pi E rl for some i E { 1, . . . . n}. If the rank of rI is zero, 
then h~-.~+d are all in f,. Besides this special case there is no 
general relation between the p-rank of rr and the number of the pi which 
are in rl. For example, the rank 1 cover of p-rank 1 with Deck(T; r,) 
generated by (1, . . . . 1; 0) has no parabolic elements while that generated by 
(0; 1, 0, . ..) 0) contains all the elements (p, , . . . . pn + I ). 
Our results on harmonic functions follow by estimating 
N,,(R)= #{YE~l:4P,w)<R), (1.6) 
here p is a point in HZ and d( ., .) is the distance measured in the hyper- 
bolic metric. We omit the explicit dependence on p as the asymptotic order 
of growth is independent of the point. 
306 C. L. EPSTEIN 
Our estimate is: 
THEOREM 1. lf H ‘/r is a Riemann surface of genus g with (n + l)- 
punctures so that g = 0, n > 2 or g 3 1, n 3 0 and r, is normal subgroup with 
Deck( f; r, ) a torsion free Abelian group of rank k and p-rank 53 then 
Here and in the sequel A(R) - B(R) will mean that A(R) is bounded 
above and below by fixed positive multiples of B(R) as R tends to infinity. 
From this we conclude: 
THEOREM 2. The surface HZ/T, has a Green’s function $ and only if 
k+@>3. 
And also 
THEOREM 3. If rl contains a non-trivial, conjugacy class of parabolic 
subgroups and k + @ 2 3 then H2/r, has a non-constant positive harmonic 
function. 
To treat the case that f, has no parabolic elements one looks for a 
subgroup r2 such that 
(1) rd-,d-,; 
(2) r2ir1 = z; 
(3) f2 contains a conjugacy class of parabolic elements; 
(4) w,) + f4r2) a 3. 
If such a subgroup can be found then Theorem 3 implies that there are 
non-constant, positive harmonic functions on H2/r, which can then be 
lifted to H2/r,. This is similar in spirit to the two step procedure used in 
[7] to obtain a surface with a bounded holomorphic function; in that case 
T/T, is a solvable group. In the following cases the subgroup r, can always 
be found: 
(a) p-rank=1 and k24;n=l 
(b) p-rank 3 2 and k > 3. 
By combining our results with those of Lyons, McKean, and Sullivan we 
obtain a classification theorem for surfaces that arise from the commutator 
subgroup, [r, r]: 
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THEOREM 4. If I is a fuchsian group of the first kind such that HZ/I is a 
surface of genus g with n + 1 ( >O) punctures then H2/(I, I): 
(i) has a positive harmonic function but no bounded harmonic 
function if 
(a) g=O andna3 
(b) g=l andn22 
(c) g>2 and na0 
(ii) has a Green’s function but no positive harmonic function tf g = 0 
andn=2or g=l andn=l 
(iii) has no Green’s function rf g = 1 and n = 0 or g = 0 and n 6 1. 
The case g = 0, n d 1 is classical; the fundamental group is abelian and 
the universal cover is C. The case g = 1, n = 1 follows using a small 
modification of the argument in [S]. 
2. LATTICE POINT ESTIMATE 
In [l, 21 we studied the spectral theory of the Laplace-Beltrami 
operator, A on an hyperbolic manifold H ‘/Ti, where T/T, is a free abelian 
group. In Section 1 we introduced T, as the space of unitary characters of 
r/r,. The spectral theory of H2/I, is reduced to the study of L,, an 
operator with symbol given by A and domain, the L2-closure of A acting 
on smooth functions on H, which satisfy 
f(Yz)=i&Y)f(z); y E r. 
One shows that the Laplace operator on HZ/I, is unitarily equivalent to a 
direct integral 
(2-l) 
see [l, 111. 
For a dense open subset of T i, L, is an analytic family of operators, the 
complement of this set is a union of linear subspaces of T,, see 
Proposition 2.7 of [2]. For the application to counting lattice points all we 
need is the behavior of the spectrum of L, for p near to zero, that is, for zs 
near to the trivial representation. In the aforementioned papers we have 
shown that whenever the p-rank of r1 is non-zero the family of operators, 
L,, fails to be analytic in any neighborhood of the trivial representation. 
Nonetheless, L, is continuous in the strong resolvent sense, see [3], and 
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we can find a continuous function i(p) and a continuous LL-valued 
function q@‘) such that 
(a) Lsd(B) + W d(B) = 0 
(b) jimO A(p) = 0 
(2.2) 
Here 9 is a fundamental domain for the action of r on H2, the limit in (c) 
is with respect to the L2-norm; in virtue of (a) and (b) and the Sobolev 
embedding theorems, the limit is also locally uniform in the P-topology. 
There is moreover a 1, > 0 and a neighborhood N of zero in T, such that 
@In t-@noI = (4P): BEN}, (2.3) 
and so that the complete spectral projection of d onto the eigenspace 
p E [0, Lo] is given by integration against d(P); 
If the p-rank is zero then the family of operators is analytic. The analysis in 
[4, lo] applies and one can prove the results in Section 1 rather easily. 
Henceforth we will assume the p-rank is at least 1. In [2] we derived 
estimates and an asymptotic formula for A((, r]). Setting 
(5, rl) = i B’W,; N,) (2.4) 
/= I 
in these formulae we obtain estimates for A(B). We will state an asymptotic 
formula for N,,(R) and give an outline of the derivation. The argument is 
very similar to that presented in [ 1, pp. 103-l 171 and the details are left to 
the reader. 
The eigenfunction &p, fi) is defined initially for p in a fundamental 
domain, 9, and is extended smoothly to H2 by setting 
d(w; PI = l?p(r) 4(Pi PI. 
We define 
xeC1/2+,hi=%ilRd/j, . ..&jk. 
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Here N is the small neighborhood of zero in T, introduced in (2.3). The 
method of Lax and Phillips as adapted in [ 1 ] gives the following result. 
THEOREM 2.1. There is a y < 1 and a neighborhood N of zero in T, such 
that 
N,,(R) = C(R) + O(eyR). (2.6) 
Here Y=minaEN(1/2+~~). 
The leading order behavior in (2.6) is not very explicit. As we need only 
the asymptotic order of growth we will discard the terms in (2.5) that are 
not needed to obtain 
(2.7) 
To verify (2.7) one only need observe that b(b) solves an elliptic 
equation (2.2)(a) which leads easily to pointwise upper bounds. A lower 
bound is obtained by using the observation made after (2.2) that ~$(p, /I) 
converges locally uniformly to l/J-. The other terms are trivially 
bounded above and below by positive constants. 
Remark. A more careful analysis would lead to an exact asymptotic 
formula with a non-trivial error estimate, see [ 11. 
To complete the derivation of the asymptotic formula and the proof of 
Theorem 1 we need to study the behavior of the integrand in (2.7) as 
R + co. We replace dm with l/2 - A(/?) + O((J(p))2) to obtain 
Ni-JR)-e R 
I 
e-(i@)+o((~(fr))*))R @, . . .&p,. (2.8) 
N 
This is the integral estimated in [2, Sect. 81. In that paper we consider 
only the case f I = [r, f], the commutator subgroup of f. However, one 
easily sees that the same analysis applies in the more general case 
considered here. In [2] we derive the following asymptotic formulae for 
A(& rl): 
THEOREM A. For any E > 0 there exists positive constants, C, , C,, and p 
such that if 




THEOREM B. For E > 0 ,fixed and small we let 
with to=[,+ ... +<.; and 
B p,.p2= ui’7 rl): I51 <PI, Irl <PA 
then there exists e(6, p,, pz) such that in B,,, p2 n D, 
(a=(,+ ‘.. +r,. 
+ C(aijfe(~, PI 3 Pz) bij)?i’lj 
Here ag is a positive definite matrix and e(6, p1 , pz) is a positive function 
that tends to zero as (6, p,, pZ) tends to (0, 0,O). The symbol “z” indicates 
that the + sign on the right is an upper bound while the - sign is a lower 
bound. Recall that (4,~) = cf=, P’(M,, N,). We have normalized so that 
M,=O for j= @ + 1, . . . . k; note that M,, . . . . M, are linearly independent as 
are N, + , , . . . . N,. Thus we see that are positive constants C, and C, such 
that 6” 
(a) cI C IBjl G I51 G cR7 f IBjl 
I= I j= 1 
(b) CI i 113,1261~126G i IfijI’. 
(2.11) 
j=p+l i= I 
In order to apply Theorem B we need a small modification in the 
definition of D,. This is because the linear space Span{ M, , . . . . M, > may be 
contained in a subspace of the form 
{(,,= ..’ =(,,=O}. 
The method used to derive (2.10) applies without modification to such 
subspaces, if we replace Dd by 
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This follows easily from Proposition 2.7 of [2] and the method used to 
prove Theorem B. 
Using the estimates, (2.11) in Theorems A and B, and the argument 
presented in [2, Sect. 81 we easily obtain that 
lim s 
e~R(j.lB)+o((n(B))~2)) @, ...djkN l/~(k+ XJ)/~. (2.12) 
R-cc N 
In essence these estimates say that n(b) behaves like Q?=, IfijI + 
C,“=,+, Ipi1 *, at least in most of a neighborhood of {fi = O}. The estimate 
(2.12) follows easily from this. Putting (2.11) into (2.8) we arrive at 
N,,(R)-eR/Rck+C’/2, 
which is the assertion of Theorem 1. 
(2.13) 
3. APPLICATIONS TO FUNCTION THEORY 
Using formula (2.12) we can now prove Theorems 2, 3, and 4. Let 
d(x, y) be the hyperbolic distance between x and y in HZ. The Poincart 
series for ri is defined by 
f,(x, y; s) = 1 e-xd(yx,y). 
Y c r1 
(3.1) 
The series converges for Re s > 1. It is a classical fact that HZ/f, has a 
Green’s function if and only if f,(x, y; 1) is finite, see [ 133. It is also well 
known and easy to prove that if f,(x, y; 1) is finite for any pair of points 
(x, y) then it is finite for every pair, see [9]. We can rewrite the sum as a 
Lebesgue-Stieltjes integral 
.f~(x, Y; 1) = jr e-l dN,,(l), 
I (3.2) 
here c is a fixed positive constant for which N,,(c) = 0. Integrating by parts 
in (3.2) gives 
fi(x,x; l)=e-"N,,(/Z)IF +jm e-"N,,(2) dA. 
L 
If we use the asymptotic formula (2.12) this becomes 
fi(x,x;l)- m e-a.ei./~(k+fJ)12d;l. 
s c 
(3.3) 
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From (3.3) it follows that f;(x, X; 1) < ‘% if and only if k + p 3 3. This 
proves Theorem 2. 
Proof of Theorem 3. To prove Theorem 3 we proceed in much the same 
way as one proceeds in the construction of the Eisenstein series. We use the 
upper half space model for HZ, so that r, is a subgroup of PS42, R) which 
can be lifted to S/(2, R). The hypothesis that r, contains a non-trivial 
conjugacy class of parabolic subgroups implies that we can conjugate r, in 
S/(2, R) so that it contains 
G, =I(; ;)m}. 
Now, we consider the series 
h(z;s)= c (Imz)‘. 
iV~~C, J-l 
(3.4) 
We choose representatives {y} of G,\f, so that 0 < Re yz< 1 if 
0 < Re z < 1. It is clear that h(z; S) is invariant under Z-r. We will show that 
h(z; 1) is finite if ft(z, z; 1) is finite. Again it suffices to consider any fixed z 
in HZ. That h(z, 1) is comparable to fr(z, z, 1) follows from the formula for 
d(z, YZ) 
d(z, yz) = cash -’ 1 + lz-74 
> 2ImzImyz ’ 
If we fix z to be in 0~ Rez< 1 with Im z> 1 and let Im yz-+O with 
0 < Re yz d 1 then 
d(z, yz) N log[ Iz - yzl/Im z Im yz] 
- log Im yz. (3.5) 
From (3.5) it follows that h(z; s) is bounded by a constant times the series 
fr(z, z; s). Thus we see that if k + @ > 3 then h(z; 1) is an absolutely and 
locally uniformly convergent series. When Re s > 1 we can differentiate 
(3.4) term by term to obtain 
dh+s(s- l)h=O. (3.6) 
Integrating (3.6) against a function qS in C,“(H*) and integrating by parts it 
follows that 
j”hd#+s(s-l)jh(=O. (3.7) 
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Since h is uniformly bounded on compact sets we can let s tend to one in 
(3.7) and obtain that h(z; 1) is a weakly harmonic function. From Weyl’s 
lemma it follows that h(z; 1) is actually harmonic. It is clear that h(z; 1) is 
positive as it is a sum of positive terms. It is non-constant as h(z; 1) > Im z 
and therefore h(z; 1) + co as Im z + co. This completes the proof of 
Theorem 3. 
Proof of Theorem 4. Theorem 4 is a special case of Theorem 3. If the 
genus of HZ/T is 2 or more and there is at least one puncture then we can 
find a subgroup r, such that rjr, has rank 3 and r, has p-rank zero. 
From Theorem 3 it follows that HZ/T, has positive harmonic functions 
and therefore as rl D [r, r], so does H*/[L’, r]. In our representation of 
Deck(r; r,) in H,(Z) we could take 
(M,; N,) = (0; l,O, 0 ,..., 0)
(M2; N2) = (0; 0, 1, 0 ,..., 0)
(M,; N,) = (0; 0, 0, 1,0 ,..., 0). 
If HZ/T has genus one and at least ~-CUSPS, we can find a subgroup r, 
such that T/T, has rank 3 and p-rank 1, and such that r1 contains a 
non-trivial parabolic subgroup. For example, we could use (1,O; 0, 0), 
(0,O; LO), and (0,O; 0, 1) as generators for Deck( r; r, ). Theorem 3 again 
applies to produce non-constant positive harmonic functions on H */T1. 
If the genus is 1 and there is a single cusp, then H*/[l’, r] does not have 
a Green’s function. If there are 2 cusps then H*/[T, r] has a Green’s 
function. However, the argument of McKean and Sullivan shows there are 
no positive harmonic functions. Conformally H*/r is equivalent to 
where 
A={m+nz:Imz>O;m,n~Z}; 
Pfq mod A. 
We can construct H*/[r, rl in two steps: 
(1) The planar surface C\{p+A}u {q+A) is a Z@Z cover. 
(2) If E(z) is an elliptic function on C/A with poles at p and q, with 
residues 1 and - 1 then 
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defines a single valued conformal imbedding of H’/[r, r] into C’. The 
covering group is the restriction of a group of affine transformations 
given by 
Using the geometry of the imbedding it is easy to show that d(g, p, p) < C, 
where distance is measured in the hyperbolic metric on H’/[r, r]. If h(p) 
were a minimal positive harmonic function on H2/[r, r] then the 
Harnack inequality argument in [8] would show that 
Ng,. PI = h(P). 
Thus h(p) would actually be a positive harmonic function on C\ { p + n } u 
(q + A}. It is a classical fact that no such function exists. 
The final case is the sphere. If there are four punctures then we can find a 
subgroup, ri, with rank 2, p-rank 2 and two conjugacy classes of 
parabolic subgroups; e.g., we could take Deck(T; r,) to be generated by 
(1, 0,O) and (0, l,O). Theorem 3 assures the existence of non-constant 
positive harmonic functions. If there are three punctures then H’/[r, r] 
has a Green’s function. In [S, S] it is shown that this surface carries no 
positive harmonic functions. 
The fact that H2/[r, r] carries no bounded harmonic functions follows 
from the work of Sullivan and Lyons. This is because the geodesic flow on 
H*/r is recurrent whenever the area is finite. In the language of the 
classification theory of Riemann surfaces we have found that the surfaces 
H’/[r, r] are in O,B\O,,. The existence of such surfaces was established 
by Ahlfors and Toki using a complicated and ingenious construction. From 
our results and those of Sullivan and Lyons we see that O,,\O,, is a large 
set containing most nice abelian covers of non-compact, finite area 
surfaces. 
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